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Modern quantum mechanics started with 
matrix mechanics in 1925
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But, does anyone really know how the 
original idea worked?
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It all started in the summer and fall of 1925 
with three critical papers
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In this talk, I will not give you a historical 
account of how this was done
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Instead, I will show you the art and the 
beauty of how matrix mechanics works
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Old quantum theory in 1925
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For periodic motion, one  integrated the  
action around one  period and se t it 
equal to an integer multiplied by ħ.

This produced the  correct re lativistic 
energy levels of hydrogen—a 
remarkable  achievement!

But it failed for other atoms and become 
tedious to apply in many situations



Old quantum theory in 1925
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The ideas were  based on Ehrenfest’s notion 
of adiabatic invariants. These  are  quantities 
that are  unchanged when the  parameter in 
a system is changed very slowly. An example  
is 𝐸𝐸/𝜔𝜔 for a harmonic oscillator if the  
frequency is slowly changed in time.

Old quantum theory gets the  leading values 
for quantization correct, but does not 
always capture  the  quantum corrections



The puzzle of harmonics
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In classical mechanics, we 
expand nonlinear periodic 
motion in terms of the  
harmonics of the  fundamental.

But atomic spectra depend on 
the  energy differences of the  
atomic states (Rydberg-Ritz 
combination principle). So, how 
can we expand in energy 
differences?



Heisenberg’s solution: use matrices
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Heisenberg proposed to use  matrices for 
position 𝒒𝒒𝑚𝑚𝑚𝑚 and momentum 𝒑𝒑𝑚𝑚𝑚𝑚, whose  
time dependence  varied harmonically in the  
energy differences of the  two states with 
energies 𝐸𝐸𝑚𝑚 and 𝐸𝐸𝑛𝑛.

So, we have

𝒒𝒒𝑚𝑚𝑚𝑚 = 𝑞𝑞𝑚𝑚𝑚𝑚𝑒𝑒𝑖𝑖𝜔𝜔𝑚𝑚𝑚𝑚𝑡𝑡 and 𝒑𝒑𝑚𝑚𝑚𝑚 = 𝑝𝑝𝑚𝑚𝑚𝑚𝑒𝑒𝑖𝑖𝜔𝜔𝑚𝑚𝑚𝑚𝑡𝑡

with 𝜔𝜔𝑚𝑚𝑚𝑚 = 𝐸𝐸𝑚𝑚−𝐸𝐸𝑛𝑛
ℏ

. With this we find 𝒒𝒒,𝒑𝒑 ≠ 0.



The Heisenberg equation of motion

We immediate ly obtain the  Heisenberg equation of motion

𝒒̇𝒒𝑚𝑚𝑚𝑚 = 𝑞𝑞𝑚𝑚𝑚𝑚
𝑑𝑑
𝑑𝑑𝑑𝑑
𝑒𝑒𝑖𝑖𝜔𝜔𝑚𝑚𝑚𝑚𝑡𝑡 = 𝑖𝑖𝜔𝜔𝑚𝑚𝑚𝑚𝒒𝒒𝑚𝑚𝑚𝑚 =

𝑖𝑖
ℏ
𝐸𝐸𝑚𝑚 − 𝐸𝐸𝑛𝑛 𝒒𝒒𝑚𝑚𝑚𝑚 =

𝑖𝑖
ℏ
𝑯𝑯,𝒒𝒒 𝑚𝑚𝑚𝑚

because  𝑯𝑯 is diagonal in this basis.
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The canonical commutation relation is a 
constant of the motion

We use  the  classical equations of motion for these  quantum 
matrices. So 

     𝒒̇𝒒 = 1
𝑀𝑀
𝒑𝒑  and  𝒑̇𝒑 = −𝑑𝑑𝑑𝑑 𝒒𝒒

𝑑𝑑𝒒𝒒
. 

We use  this to show that the  canonical commutation re lation is a 
constant of the  motion:

𝑑𝑑
𝑑𝑑𝑑𝑑

𝒒𝒒,𝒑𝒑 = 𝒒̇𝒒,𝒑𝒑 + 𝒒𝒒, 𝒑̇𝒑 =
1
𝑀𝑀

𝒑𝒑,𝒑𝒑 + 𝒒𝒒,−
𝑑𝑑𝑑𝑑 𝒒𝒒
𝑑𝑑𝒒𝒒

= 0
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The canonical commutation relation is a 
diagonal matrix

𝑑𝑑
𝑑𝑑𝑑𝑑

𝒒𝒒,𝒑𝒑 𝑚𝑚𝑚𝑚 =
𝑖𝑖
ℏ
𝑯𝑯, 𝒒𝒒,𝒑𝒑 𝑚𝑚𝑚𝑚 =

𝑖𝑖
ℏ
𝐸𝐸𝑚𝑚 − 𝐸𝐸𝑛𝑛 𝒒𝒒,𝒑𝒑 𝑚𝑚𝑚𝑚 = 0

This means for a nondegenerate  problem, when 𝑚𝑚 ≠ 𝑛𝑛 we have  
𝐸𝐸𝑚𝑚 − 𝐸𝐸𝑛𝑛 ≠ 0, which implies we must have  𝒒𝒒,𝒑𝒑 𝑚𝑚𝑚𝑚 = 0. Hence , the  
canonical commutation re lation is a diagonal matrix.

We write  𝒒𝒒,𝒑𝒑 𝑚𝑚𝑚𝑚 = 𝑐𝑐𝑚𝑚𝛿𝛿𝑚𝑚𝑚𝑚.
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Final derivation of the  canonical 
commutation relation

𝒑𝒑 = 𝑀𝑀𝒒̇𝒒 =
𝑖𝑖
ℏ
𝑀𝑀 𝑯𝑯,𝒒𝒒 =

𝑖𝑖𝑖𝑖
ℏ

𝒑𝒑2

2𝑀𝑀
+ 𝑉𝑉 𝒒𝒒 ,𝒒𝒒 = −

𝑖𝑖
2ℏ

𝒑𝒑 𝒒𝒒,𝒑𝒑 + 𝒒𝒒,𝒑𝒑 𝒑𝒑  

Using the  fact that the  commutator is a diagonal matrix gives us

𝑖𝑖𝑖𝑝𝑝𝑚𝑚𝑚𝑚 =
1
2
𝑐𝑐𝑚𝑚 + 𝑐𝑐𝑛𝑛 𝑝𝑝𝑚𝑚𝑚𝑚

Next, we assume the  canonical commutation re lation does not 
depend on the  Hamiltonian. This means the  form of the  canonical 
commutation re lation is the  same in the  e igenbasis of every 
Hamiltonian. The only solution that solves this requirement is 𝑐𝑐𝑚𝑚 = 𝑖𝑖𝑖, 
so that the  canonical commutation re lation is proportional to the  
identity matrix (recall the  identity matrix is the  same in every basis).
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Rewriting the canonical commutation relation
𝒒𝒒,𝒑𝒑 = 𝑖𝑖𝑖𝑰𝑰 

But 𝒑𝒑 = 𝑀𝑀𝒒̇𝒒 = 𝑖𝑖𝑀𝑀𝜔𝜔𝑚𝑚𝑚𝑚𝒒𝒒, so we have 

𝒒𝒒,𝒑𝒑 𝑚𝑚𝑚𝑚 = 𝑖𝑖𝑖𝑖�
𝑚𝑚′

𝜔𝜔𝑚𝑚′𝑛𝑛 − 𝜔𝜔𝑚𝑚𝑚𝑚′ 𝑞𝑞𝑚𝑚𝑚𝑚′𝑞𝑞𝑚𝑚′𝑛𝑛 = 𝑖𝑖𝑖𝛿𝛿𝑚𝑚𝑚𝑚

Use the  fact that 𝒒𝒒 is Hermitian to obtain (for 𝑚𝑚 = 𝑛𝑛)

�
𝑚𝑚′

𝜔𝜔𝑚𝑚𝑚𝑚′ 𝑞𝑞𝑚𝑚𝑚𝑚′ 2 = −
ℏ
2𝑀𝑀
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Solving the harmonic oscillator
𝑯𝑯 =

𝒑𝒑2

2𝑀𝑀
+

1
2
𝑀𝑀𝜔𝜔2𝒒𝒒2

The classical equation of motion becomes 𝜔𝜔𝑚𝑚𝑚𝑚
2 − 𝜔𝜔2 𝑞𝑞𝑚𝑚𝑚𝑚 = 0, so 

when 𝑞𝑞𝑚𝑚𝑚𝑚 ≠ 0, then 𝜔𝜔𝑚𝑚𝑚𝑚 = ±𝜔𝜔. Consider the  lowest-energy state , and 
label it 0. Then we only have  𝜔𝜔01 = −𝜔𝜔 and 𝑞𝑞01 ≠ 0. Using the  
canonical commutation re lation, we find that 𝑞𝑞01 2 = − ℏ

2𝑀𝑀𝜔𝜔01
= ℏ

2𝑀𝑀𝑀𝑀
.

Now, we compute  𝐻𝐻00 which is the  ground state  energy. We find

𝐻𝐻00 =
𝑀𝑀2𝜔𝜔01

2

2𝑀𝑀
+

1
2
𝑀𝑀𝜔𝜔2 𝑞𝑞01 2 = 𝑀𝑀𝜔𝜔2 𝑞𝑞01 2 =

1
2
ℏ𝜔𝜔

which is the  ground-state  energy. Since  𝜔𝜔𝑚𝑚𝑚𝑚 steps up by 𝜔𝜔 the  general
energy is 𝐸𝐸𝑛𝑛 = ℏ𝜔𝜔 𝑛𝑛 + 1

2
. This now has the  proper quantum 

correction.
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In matrix mechanics, we calculate the 
spectra without determining the eigenstates, 

or the wavefunctions.
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It is truly beautiful how it all fits together!
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It is a pity that it only worked for the 
harmonic oscillator and the orbital angular 

momentum problems.
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Thanks to

Resources
https://quantum.georgetown.domains
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Leanne Doughty    Jason Tran

https://quantum.georgetown.domains/
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