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The conventional way to determine Kepler
orbits 1s complicated. For example, we

sketch how Goldstein does this.
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Goldstein derivation

. . . R pr . _ LZ Kk - _ L
Hamilton equation of motion: 7 =—and p, = Fefp = ————,0 = —,

and L = 0
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with E the energy (arising as an mtegration constant).

So, we have 1 = —. Multiply by 7 and integrate to yield: %7’”2 =F > | ,

2 2
We have er db = dt,so r = \ 2E — mLzrz + ;—l; = Z; erz, rearranging, we have
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do = dr — =
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Goldstein derivation (part 11)
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The idea for a simplification comes from an

unlikely source: Born and Jordan’s
Elementare Quantenmechanik (1930)
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New deriovation

. . . R pr ¢ _ Lz k - L
Hamilton equation ofmotion: 7 =—and p, = Fepp = —=— 5,0 = —,

and L = 0

Defme A = p,- 4 f - B, then choose a and [ so that the radial equations of motion
are decoupled:

G & L* k a o« L* mk
P T T E TR T e T T\ P T Ty
So thata = +iL ,f = +lm—k and A = +Lmr2 A=FifA.Then we have
iL imk
A(B) = Apet?, A% (0) = Ahe ', and A(0) =p, + — =
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New derivation (part 11)

. . (L imk
A(B) = Aget®,  A*(8) = Aje 'Y, and A(0) = p, + — -

L
If we set the constants at the pomt of closest approach ry we have Ay =i (TL — mTk)
0
We remove p, by taking the difference:
iL imk 1 L mk
L ——_(A — A* — i - _
. . > ( (6) (9)) l(ro . )cos(@ 0,)
Or
1 mk 1 mk
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Using this approach of decoupling the
differential equations is a much simpler
derivation, requiring no complex integrations
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Energy

2 2 2
We have E02 4 = 24 T8 = L A(1)A(t) = = |A,|? = constant

2m 2mr? r 212 2m

So, energy s conserved, automatically in this approach
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Relation to quantum mechanics

LL Imk Imk

p andA*—'pr——+—

We found A = p, + -

If we make them operators with |7, p,-] = if, then

1 A 1 lL+lmk A +iL imk _pr . L2 k_l_mk2
2m 2m Pr s L Pr 75 L | 2m 2m pr'“ Zmr2 # 212

_ﬁr2+L2+hL k mk? _ o
- 2m 2m#z 0 202 l

This 1s the solution ofthe hydrogen atom for a fixed angular momentum state, if we let L =
nl.
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So, the simplified treatment of the classical
orbit also provides a neat connection to the
quantum solution.

Pretty cool.

Thank you Born and Jordan!
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Thanks to

[eanne Doughty Jason Tran
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